Density-functional theory ͑DFT͒ calculations of interphase boundary energies relevant to hexagonal-closepacked ͑hcp͒ ␥-precipitate formation were performed within approximate unit cells that mirror the experimental conditions in face-centered-cubic ͑fcc͒ Al-Ag solid solutions. In Al-rich, fcc Al-Ag, ␥ precipitates are observed to form rapidly with large ͑300+͒ aspect ratios even though the Al stacking-fault energy is high ͑approximately 130 mJ/ m 2 ͒, which should suppress hcp ribbon formation according to standard arguments. Our DFT results show why high-aspect ratio plates occur and why previous estimates based on Wulff construction were orders of magnitude less than observed values. Using DFT, we obtain a Gibbs free-energy diagram that gives the relevant hcp equilibrium precipitate structure occurring at 50 at. % Ag. We derive the critical nucleation parameters for ␥-precipitate formation, which require our calculated bulk-driving force for nucleation and interphase boundary energies. From our DFT-based nonequilibrium estimate for precipitation that accounts for growth via coarsening by ledge and edge migrations, we obtain time-dependent aspect ratio that agrees well with experiment. The same energetics and growth model are relevant to other phenomena, such as lath morphology in martensites or island coarsening.
I. INTRODUCTION
Aluminum-silver ͑Al-Ag͒ alloys are a prototype for precipitation, nucleation and growth, and surface-island phenomena. In 1938, Gunier 1 and Preston 2 discovered the socalled GP zones in Al-rich, fcc Al-Cu ͑platelike precipitates͒ and later Al-Ag ͑spherical precipitates͒. 3 This led to the eventual discovery 4 of ␥-plate precipitates in Al-Ag ͓a solute-rich hexagonal-close-packed ͑hcp͒ phase inside of face-centered-cubic ͑fcc͒ solid solution͔ that lengthen rapidly upon annealing ͑up to micron sizes within hundreds of seconds͒, 5 depending upon solute composition. Indeed, ␥-plate precipitates are a textbook example of diffusional solid-solid transformation. 6 Moreover, the broad view of plate shapes, 7 which is not discussed as often as aspect ratio, shows that their triangular facets are similar to the triangular and oblong Ag islands that can be grown on Al ͑111͒ and on other surfaces, 8 -11 a connection we discuss at the end. Many models have been applied to the growth rates and shape-coarsening kinetics of platelike precipitates. [12] [13] [14] [15] [16] [17] These efforts were often unsuccessful due, in part, to a lack of data on interphase energies, plate composition, and the nucleation driving force. Importantly, during precipitation interphase boundaries are formed, where two distinct phases are adjacent to each other, both of which can have dramatically different compositions and surface orientations. Generally, these solute effects and solubility limits can alter drastically the precipitation thermodynamics and the resulting mechanical strength versus composition, e.g., in Al-based alloys and Fe-Cu. 18 For precipitation, in the absence of direct data, some researchers extrapolated from pure Al to what the interphase energies would be in a dilute alloy. However, the stacking-fault energy ͑SFE͒ of pure Al is high ͑approx-iamtely 130 mJ/ m 2 ͒, [19] [20] [21] [22] but the SFE is highly sensitive to solute, 20 due to the well-known Suzuki effect, [23] [24] [25] where, if a solute is energetically favored to reside at a SF, the SFE is lowered ͑sometimes dramatically͒ and defect formation is more favorable. More generally, any planar fault energy will reflect such energy-reducing interactions of solute and planar defects, as observed, e.g., for onset twinning stress in alloys. 25 From the composition dependence of the interphase boundary energies, we have shown that a local versus global concentration of solute determines the reduction in SFE. 20 Also, the interphase energy for a given solute content in each phase determines the time dependence of the aspect ratio of ␥ plates, which has been measured in Al-Ag. 5 In addition, we have proposed an analytic model for precipitation and growth of solute-rich phases in dilute solid solutions ͑s.s.͒, where a low-strain shear transformation connects the two close-packed phases. 26 Given interphase energies ͑either from experiment or theory͒ and critical nucleation parameters, the model predicts the nonequilibrium shape and growth rates.
Therefore, given the limited availability, we present density-functional theory ͑DFT͒ results for formation enthalpies and interphase energies required to predict nonequilibrium ␥-precipitate time-dependent growth for direct comparison to experiment. In Sec. II, we summarize the understanding of ␥-plate precipitate growth and shape, building on previous models of growth 15 and shape development, 26 to establish the required quantities that can be extracted from DFT results. In Sec. III, we present how to calculate from DFT relevant formation enthalpies, defect energies, and interphase energies. In particular, we provide the ordered unitcell approximates for direct comparison to experimentally observed traces of the ␥ plates 5 ͑see Fig. 1͒ , which shows clearly the interface boundary at the precipitate and local solute depletion effects, as well as the aspect ratio. In Sec.
IV, we discuss our DFT results for interphase energies, where energetics of ␥ nuclei are found to depend strongly on the small ͑0001͒ ʈ ͑111͒ interphase energy across hcp precipitates ͑0001͒ faces adjacent to the fcc ͑111͒ host planes. Our ␥ 111 of 15 mJ/ m 2 is substantially lower than the erroneous estimates using the 130 mJ/ m 2 Al SFE at plate faces. 28 While this ␥ 111 gives an equilibrium aspect ratio A eq of ϳ20, that is, seven times larger than previous work, it is still tens times smaller than experiment. Thus, to address the nonequilibrium growth rate, we use free-energy arguments to obtain, in Sec. V, an estimate of the equilibrium precipitate composition X ␥ of 0.50 at. % Ag, and ⌬G V ͓the entropic driving force Gibb's free-energy change per unit volume͔ and, in Sec. VI, the nucleation barrier ⌬G ‫ء‬ of 1-4 eV. Before concluding in Sec. VIII, we provide an example of the generality of our model in Sec. VII by qualitatively describing how it would be applied to island growth on surfaces.
II. ENERGETICS AND THERMODYNAMICS OF ASPECT RATIO
The textbook prototype for platelike precipitates continues to be Al-Ag, 6 partly because it was observed early on in the development of microscopy techniques and partly because it has many simplifying characteristics that facilitate an analytic model. Among these simplifying features are the similar fcc lattice spacings of Al ͑4.05 Å͒ and Ag ͑4.09 Å͒, which preclude elastic strain effects, 29 while the dissimilar atomic numbers of Al and Ag make possible high-contrast transmission electron microscopy ͑TEM͒. Moreover, pure Al and Al-rich Al-Ag both exhibit a simple plane-strain transformation, connecting the ␣-fcc and ␥-hcp. Recent microscopy experiments at 4 at. % Ag and 400°C find plates of around 50 at. % Ag oriented along ͗111͘ directions in an Al-rich fcc matrix 5 ͑see dark rectangle in Fig. 1͒ . Precipitates grow in seconds to minutes as the alloy is quenched from s.s., faster with increasing Ag content. Upon subsequent aging at 160°C, spherical GP zones are grown throughout the fcc matrix away from the precipitate, making a clearly visible Ag-depleted zone ͑the light region surrounding the precipitate in Fig. 1͒ . Observed plate compositions of 46Ϯ 4 at. % Ag are lower than supposed from the assessed equilibrium Al-Ag phase diagram 30 ͑i.e., 59 at. % Ag͒, and the observed plate aspect ratios ͑300+͒ are two orders of magnitude larger than expected from equilibrium estimates. [31] [32] [33] The actual structure of precipitates remains unknown. These microscopy experiments have allowed realtime determination of the plate aspect ratios, from which a simple analytic model can determine ͑indirectly͒ the ratio of the edge ␥ 211 and face ␥ 111 interface energies. However, the time variation in this ratio must also be examined in more detail, as these energies are static and are not able to explain the dynamic observed shapes 7 from first principles.
A. Equilibrium aspect ratio
Interestingly, the high SFE of pure Al can be overcome to form hcp in dilute Al-Ag when the Ag preferentially "wets" an Al intrinsic stacking-fault ͑isf͒ interface, 20 and the lowestenergy structure ͑with negative SFE͒ is a two-layer isf-͑ii͒ depicted in Fig. 2 . This solute wetting of the SF is the local pathway for favorable formation of hcp ribbons and is consistent with the Suzuki effect. 23, 24 Importantly, the local chemical structures formed around SF ribbons are shown here to determine the ␥ 111 interphase boundary energy, which partly determines the equilibrium aspect ratio A eq .
Recently, we obtained analytic results for the free energy of hexagonal precipitates, and we revisited the equilibrium aspect ratio of ␥ precipitates from a Wulff construction in a fcc solid solution.
26 Surprisingly, however, the same result that we obtained for the hexagonal plate would have equally applied to an ellipsoidal, 13 
͑2͒
for the fixed critical volume
Then, of the available sites for nucleation n A , a number
is expected to become viable, where the nucleation energy barrier ⌬G ‫ء‬ from Eq. ͑2͒ determines the nucleation rate. By
͑2͒ gives the general shape dependence of free energy of
B. Nonequilibrium aspect ratio model
For the case of time-varying shapes, 7 a precipitate is able to lengthen constantly, as L =1+t in dimensionless time t, so long as there are steady supplies of thin nucleating edges as shown in Fig. 3 ͑top structure͒. 26 We also showed how various growth patterns could supply the new edges. 26 However, subsequent thickening of ␥ plates is thought to occur only by a ledge-migration mechanism, 15 which we showed is given by W =2 ͱ 1+t− 1. For various limits of , this could give either very slow linear growth or a more rapid but plateauing t 1/2 growth. The actual value of is a product of four parameters and A eq in Eq. ͑1͒, i.e., ϵ A eq fgk⍀. Here f͑T͒ = e −⌬G h ‫ء‬ /k B T is a thermal rate for new ledge nucleation, g is a geometric factor between 0.5-2.3, depending on the nonequilibrium growth pattern, and k͑⍀͒ is a factor for cylindrical solute depletion. 34, 35 Finally, the dimensionless supersaturation ⍀ is
where the compositions are X e ͑equilibrium depletion zone͒, X ␥ ͑the precipitate͒, and X 0 ͑bulk matrix͒. 36 The thermal rate f͑T͒ also requires a secondary nucleation energy barrier,
to ledges of height h. From these five basic parameters A eq , f͑T͒, g, k͑⍀͒, and ⍀, any nonequilibrium growth pattern can be described almost entirely by a model combination of DFT-and analytically calculated estimates. Using a mathematical Perrin sequence 37 to describe offshoot edges, in combination with an accepted ledgemigration model, 15 we estimated 26 the nonequilibrium aspect ratio A neq for the nonequilibrium ␥ plates in dilute s.s. as
depends on time t and the diffusion constant D, as well as the critical ledge nuclei height, which we can take here as just h = W ‫ء‬ , calculated from first principles. The dependence on interface energies, as in Eq. ͑1͒, is somewhat suppressed in Eq. ͑7͒ and only affects the initial shape and becomes rapidly negligible. This can be seen directly, and without the need to calculate the diffusion coefficient D ͑which is very expensive in DFT͒, by eliminating time in favor of relating spacial precipitate dimensions explicitly as
͑8͒
Here the initial nucleus clearly has an equilibrium shape, and as we mentioned time is linearly related to L, so we can use increasing L in Eq. ͑8͒ as a measure of time.
The growth described by this model is shown in Fig. 3 and is compared to experimental data for Al-Ag and against the ͑dashed line͒ strictly equilibrium estimates from DFT ͑given below͒. Clearly, once the precipitate dimensions exceed about 100ϫ 10 nm 2 , i.e., an aspect ratio of 10, the nonequilibrium growth mechanisms rapidly outpace the equilibrium expectations, as is seen in the experimental data and in their rate of L increase versus W. Since it takes minutes for precipitates to develop and only seconds to exceed equilibrium aspect ratios, true equilibrium shapes are only rarely observed. 7 Both the equilibrium and nonequilibrium models require knowledge of interface energies ␥ 111 and ␥ 211 and the alloy phase compositions, which appear through ⍀ and through ⌬G h ‫ء‬ .
C. Temperature rescaling of parameters
The thermodynamic driving force for nucleation at finite temperature generally scales in proportion to the critical undercooling below the melting ͑solvus͒ temperatures T m ͑T e ͒. We have studied several energies that scale near critical points, namely, ⌬G V , ␥ 111 , ␥ 211 , and the derived barriers ⌬G ‫ء‬ and ⌬G h ‫ء‬ from Eqs. ͑2͒ and ͑6͒. The barriers determine the nucleation and growth rates, which control the kinetics. The rescalings that we chose are
The last expression follows from Eq. ͑6͒. Also a temperature parameter T m Ј Ն T m has been introduced, which we shall discuss shortly. Note that we only specify a temperature dependence for the ledge barrier ⌬G h ‫ء‬ , not the primary barrier ⌬G ‫ء‬ . Its dependence on h, not on ␥ 111 , is a consequence of the critical size falling below the atomic spacing.
The limits in Eqs. ͑9͒ are justified phenomenologically: ͑1͒ the rescaled ⌬G h ‫ء‬ vanishes at T e , as is standard in alloy thermodynamics 6 and is often used in nucleation modeling; 38 ͑2͒ the rescaled ␥ 211 vanishes at the melting temperature T m Ј , assuming that a liquid layer forms preferentially at an incoherent interface. This second rescaling is approximate but should be included to be qualitatively correct.
It could perhaps be argued that at melting ␥ 211 becomes 2␥ SL , i.e., the solid-liquid interface energy, instead of zero. However, there is an opposing entropy of the liquidlike layer that diverges 39 at T m . It is not clear how a grain-boundary energy ͑GBE͒ will behave with increasing temperature. There are various numerical simulations that illuminate this issue. First, in a Lennard-Jones molecular-dynamics study, 40 it was shown that GBE decreases linearly with temperature, as proposed here, and that it intersects zero at some temperature T m Ј Ն T m . If the energy approaches 2␥ SL at melting, then
For coherent boundaries, such as a SF, a rescaling, such as in Eqs. ͑9͒, also holds. For example, an embedded-atom calculation at 0 and 300 K showed that Ag, Cu, and Ni have reduced SFE, 41 scaling ͑within 3 -7 %͒ to the undercooling proposed here for T m Ј = T m . The effective melting point is also highly sensitive to pressure constraints in these types of model calculations. 42 Lastly, although grainboundary energy is known to vary with temperature, very few experiments have examined this directly. 43 Among the limited data available, there does appear a similar trend: grain-boundary energy tends to decrease with increasing temperature, more so for high-angle misorientation and less so for low-energy cusps of orientation.
For actual numbers based on experiment, 
͑10͒
From the Al-Ag phase diagram 30 at 4.2 at. % Ag, this gives T opt = 443-633 K, which is remarkably the range where the observed precipitation occurs. 5 At the upper end of this estimate, the energy barrier for nucleation is halved, which facilitates precipitation. We will discuss the temperature dependence of these energy barriers again in Sec. VI when we discuss the calculated precipitate properties.
III. ELECTRONIC-STRUCTURE CALCULATIONS
In order to study structural formation energies associated with ␥ precipitates, we approximate plate/matrix interfaces as SF structures. To obtain reliable energetics, we utilize the Vienna ab initio simulation package ͑VASP͒ ͑Refs. 44-47͒ that uses a plane-wave basis and ultrasoft pseudopotentials 48 with energy cutoffs of 275 eV, as supplied by Kresse and Hafner. 49 We used local-density approximation to the exchange-correlation functional from Ceperley and Alder, 50 as parametrized by Perdew and Zunger. 51 The VASP code calculates forces and permits structural relaxation of coordinates and cell shape. Formation energies are converged to Ͻ2 meV/ cell with full ionic relaxation of forces to Ͻ30 meV/ Å.
A. Computational details
For various SF structures, we used supercells based upon ordinary hexagonal cells with orthogonal c-axis orientation. For Brillouin-zone integrations, a Monkhorst-Pack 52 special k-point method is used. We converge k meshes for hexagonal cells composed on fcc ͑111͒ planes stacked along ͗111͘ directions, with up to 24ϫ 24ϫ 24 k points in the full Brillouin zone used for primitive fcc cells. The k meshes for larger supercells are determined by condition of equal densities of points, with up to 24ϫ 24ϫ 8 k points for three fcc planes along ͗111͘ ͑3 atoms/cell͒ and with 24ϫ 24ϫ 3 k points to achieve similarly dense coverage in the longest supercells ͑8-15 atoms/cell͒. Issues of k-mesh convergence are detailed elsewhere. 20 We find from VASP that Al and Ag have cubic lattice constants a fcc of 3.98 Å and 4.02 Å, respectively. The similar observed lattice spacings of fcc Al ͑4.05 Å͒ and Ag ͑4.09 Å͒ and theoretical values preclude elastic strain effects, 29 so relaxation of cell volume is generally unimportant, at least for qualitative behavior. Also there is essentially no c-axis distortion for hcp Al, so c / a is ideal, i.e., ͱ 8 / 3 Ӎ 1.633. For SF calculations, local relaxations of planes near the planar defect are important, especially with Ag segregated to the fault; whereas, for large ͗111͘-layered supercells with a SF, the cell volume relaxation with the planar defect is negligible, as expected. For the inhomogeneous Al-Ag alloys that we investigate, we use a fcc = 3.98 Å, giving 6.86 Å 2 for the common per atom ͑111͒ planar area A 111 . As in previous studies, 53 five planes are enough to converge SFE for pure Al to Ϯ10 mJ/ m 2 ; but in the Al-Ag alloy, Ag impurity planes may be situated directly between the SF and its periodic image, giving poor separation between impurities, defects, and their periodic images. For this reason, we use 11 atomic planes for isf, as a fcc ͗111͘ planar defect shown in Fig. 2 . Cell size used here ensures reliable energies as impurity planes vary in distance from the SF ͑see Ref. 20 for details͒.
B. SFE in inhomogeneous solid solutions
Stacking faults, such as the important isf initiated during shear, are local hcp deviations from fcc ͑111͒ stacking, 20 as shown in Fig. 2 . The planar SFE ͑in units of mJ/ m 2 ͒ is thus the energy to shear fcc into local hcp. We calculated the SFE versus Ag content for inhomogeneous distributions of Ag, such as layered Ag ͑111͒-planes adjacent to SF, and compared it to a homogeneous Al-Ag s.s. from a cluster expansion. 54 As found in Ref. 20 , the structures at 0 K with lowest SFE have alternating Al/Ag ͑111͒ planes within a tungsten-carbide ͑WC͒ structure embedded in Al matrix, as shown in Figs. 2 and 4͑a͒ . Here we repeat these calculations with the modification of finite-temperature point entropy added to the s.s. curves in Fig. 4͑b͒ . In contrast to our previous 0 K results, we find that at experimental temperatures, the s.s. competes with ordered compounds in thermal equilibrium; however the inherent asymmetry of the hcp and fcc s.s. curves leaves hcp slightly higher for most Al-rich compositions. Equilibrium is thus established between alternating Al/Ag-hcp and ␣-fcc Al.
C. Precipitation parameters from first principles
For a binary alloy near 0 K, entropic effects are negligible. Therefore, ⌬G͑0 K͒ is given by the change in total internal energy of the alloy ⌬E. The ⌬E is proportional to the number of atoms in the alloy but is equivalently defined in terms of the formation energy per atom ⌬E f relative to phase-segregated species. Taking our prototype system of AlAg, ⌬E f is defined with respect to fcc endpoint elements as
where E is the total alloy internal energy, N is the total number of atoms, m is the number of Ag impurities, and E fcc ␣ is the fcc energy per constituent atom. For Al-Ag, specifically, with Ag segregating to a SF in parallel layers, we note that N and m are equivalently the number of layers and Ag layers, respectively, in the unit cell along ͗111͘ ͑see Fig. 2͒ . Free energies of formation ⌬G f are defined analogously to Eq. ͑11͒, substituting reference energy G fcc Al ͑G fcc Ag ͒ for E fcc Al ͑E fcc Ag ͒. Formation energies for hcp and fcc s.s. and ground-state ͑GS͒ structures at T = 0 are shown in Fig. 4͑a͒ and listed in Table I . Also shown are the SFEs, which are neither hcp nor fcc, but rather they are ribbons of hcp embedded in fcc matrix.
From Fig. 2 , the ⌬E f isf−͑ii͒ per atom for a cell of N isf−͑ii͒ atomic planes is the formation energy ⌬E f WC per atom of four hcp AlAg planes plus two ␥ 111 interfaces, which gives
Similarly, the ␥ 211 interfaces hcp AlAg with fcc Al, as illustrated in Fig. 5 . This is simulated on a N 211 = 24 atom cell 
IV. INTERFACE ENERGIES AND PRECIPITATE SHAPE
The ͑111͒ broad face of a ␥ precipitate, which is the ͑0001͒ basal plane of hcp precipitate, is expected to have low ␥ 111 , encouraging lateral growth and long thin plates. Often in the past ͑see, e.g., Ref. 28͒, it was assumed that ␥ 111 for dilute Al-Ag was similar to ␥ SF Al ϳ 130 mJ/ m 2 , which cannot be the case because high SFE inhibits nucleation. As discussed earlier, Ag wetting the SF greatly reduces the SFE, indicating that Ag wetting is important for low ␥ 111 . If the ␥ 111 is vanishing or negative, the equilibrium plate shape has infinite-aspect ratio. However, observed precipitates thicken even as aspect ratio increases, 5 suggesting a small but positive value for ␥ 111 that encourages lateral growth.
Here we model the precipitate-matrix interface as alternating AlAg hcp, as in Fig. 2 . Before the precipitates were measured to have X ␥ = 0.40-0.50, Howe 55 proposed a structure of alternating pure Ag and Al 2 Ag to explain observed 000l, with l being odd long-range order reflections in ͓111͔ ʈ ͓0001͔ x-ray diffraction patterns. However, X ␥ ϳ 0.46Ϯ 0.04 is now observed, 5 which is in agreement with theory, due to recalibration of reference. Thus, the hcp AlAg structure is consistent with both recently observed X ␥ and older diffraction data, 55 as there is alternating structure of Ag on every other plane. Using VASP results in Eq. ͑12͒ for ⌬E f isf−͑ii͒ and ⌬E f WC ͑Table I͒, we obtain ␥ 111 =15Ϯ 10 mJ/ m 2 . We address the small magnitude of this interface energy later on, where it is found to place strict limits on the critical ledge height h in Eqs. ͑6͒, ͑7͒, and ͑9͒.
The calculated ͑211͒ interface energy using VASP is ␥ 211 = 325Ϯ 10 mJ/ m 2 . Early estimates 28, 33 for the hcp-fcc disordered interface energy find values, ranging between 350-500 mJ/ m 2 or comparable to the measured 19 Al GBE of 324 mJ/ m 2 . Knowing ␥ 211 and ␥ 111 gives an estimate of A eq ϳ 20 from Eq. ͑1͒. Early overestimates of ␥ 111 as the pure Al SFE ͑Refs.
28 and 31͒ of 120-180 mJ/ m 2 led to predictions 31, 32 of an aspect ratio of A eq ϳ 3, smaller than observed by at least an order of magnitude. 5 Our aspect ratio is larger but still 10 ϫ less than experiment, which led to our proposal 26 of a nonequilibrium model for A neq in Eqs. ͑7͒ and ͑8͒ and in Fig.  3 . A large A eq enhances A neq , initially, but not by much and only for a short time. Clearly, ␥ plates in Al-Ag must break symmetry to develop rapidly, requiring a rapid nucleation of edges and ledges. Our parameters are listed in Table II .
V. FREE-ENERGY ESTIMATION
The usefulness of free energy is demonstrated by the dotted Maxwell construction line in Fig. 4 . Tangents to freeenergy curves describe the relative phase stability for each structure. The free-energy curves for GS Al-Ag phases share an approximate common tangent, as indicated by the dotted line in Fig. 4 . The lowest-energy hcp structure is Ag 2 Al. However, from a common-tangent construction, equilibrium is established with hcp AlAg.
The equilibrium phases of hcp and fcc Al-Ag are key for predicting thermodynamic and kinetic properties of ␥-phase AlAg precipitates. The zero-temperature energy diagram in Fig. 4͑a͒ predicts a solute fraction X ␥ of 0.50 for the AlAg ␥ phase. Until recently, 54 an assumption that plates were ordered Ag 2 Al ͑X ␥ = 0.67͒ was always used in data analysis, [31] [32] [33] as suggested by the assessed equilibrium phase diagram. 30 However, recent observations by Moore and Howe 5 find X ␥ = 0.46Ϯ 0.04, determined by edge-on energydispersive x-ray spectroscopy and averaged over 17 plates at T = 673 K. The value X ␥ ϳ 0.46 agrees more with the ab ini- tio result X ␥ = 0.50 in Table II and the calculated phase  diagram.   54 Since entropy is negligible for ordered GS compounds compared to s.s., the energies of ordered GS curves can be treated as nearly identical to T = 0 results. The resulting curves obtained by adding mixing energies to s.s. are shown for T = 673 K in Fig. 4͑b͒ . Finite-temperature s.s. curves are lower with increasing temperature. The s.s. curves cross the ordered GS curves at 673 K. Also the GS and fcc s.s. are essentially degenerate below X Ag = 0.50, sharing an approximately linear shape. Dilute Al-Ag s.s. quenched from high temperature initially lies along that linear portion of the fcc s.s. curve in Fig. 4 . So, by common-tangent construction, dilute fcc is in approximate chemical equilibrium with fcc structures down to 50% Ag, i.e., as a mix of dilute fcc s.s. and hcp precipitates. The fcc s.s. and hcp GS energy difference gives the driving force for precipitation ⌬G n ͓see Fig.  4͑b͔͒ .
Exploiting the linearity of fcc energies, the tangent to fcc s.s. for dilute Al-Ag connected to s.s. fcc near X Ag = 0.50 gives ⌬G n Ϸ 32 meV/ atom. Alternately, we approximate ⌬G n by the T = 0 hcp-fcc GS structural energy difference of 34 meV/atom. Averaging these two estimates, we get ⌬G n Ӎ 33Ϯ 2 meV/ atom. Finally, using the atomic volume V a = a fcc 3 / 4 and a fcc Ӎ 4 Å, the driving force per unit volume ⌬G V is ⌬G n / V a Ӎ͑330Ϯ 20͒ ϫ 10 6 J / m 3 . For comparison, the driving force ⌬G V was previously estimated, for dilute s.s., [31] [32] [33] as
where X 0 and X e Ͻ X 0 are the overall alloy content and fcc equilibrium solute fraction, respectively. Reference 33 applies Eq. ͑14͒ to Al-Ag with X 0 = 0.052 and X e = 0.021 at T = 679 K, giving a driving force of 340ϫ 10 6 J / m 3 . This result depends explicitly on precipitates being Ag 2 Al and thus should not be compared with present ab initio result. Altering the analysis to use the correct X ␥ = 0.50 in Eq. ͑14͒ for AlAg precipitates yields 250ϫ 10 6 J / m 3 -understandably less than our result since Eq. ͑14͒ ignores enthalpy of mixing.
VI. AB INITIO ESTIMATED PRECIPITATE PROPERTIES
Using our free-energy model, 26 .
͑15͒
This places an upper bound on the density of nucleation sites, using our calculated parameters: if nucleation begins on more than one site out of n ‫ء‬ ϳ 10-10 3 sites, overlapping solute depletion inhibits precipitation. This simply means that if two nuclei grow within a volume V ‫ء‬ , corresponding to n ‫ء‬ atoms available for local precipitation, the two nuclei will intersect, in which case they will become impinged, as discussed, e.g., in Ref. 33 . Importantly, the omission of impingement is why the nonequilibrium model might overestimate A neq .
Finally, the nucleation barrier ⌬G ‫ء‬ in Eq. ͑2͒ is 2.5Ϯ 1.5 eV. At T = 673 K, we have k B T = 0.058 eV and ⌬G ‫ء‬ ϳ 20-70k B T ͑see Table II͒ . For a given number of nucleation sites n A , the number n ‫ء‬ of critical nuclei is given by Eq. ͑4͒. The fraction of available nucleation sites producing viable nuclei is less than e −20 ϳ 10 −9 . However, since the ledge nucleation barrier ⌬G h ‫ء‬ ϳ 20-30k B T is necessarily half as large ͑half the broad facial area͒, the fraction of viable ledge nucleation sites increases; using the temperature rescaling of Eqs. ͑9͒ and ͑10͒ in Table II , we get two ranges of estimates: first near 170°C, ⌬G h ‫ء‬ Ӎ 60-80k B T opt and second near 360°C, ⌬G h ‫ء‬ Ӎ 10-20k B T opt . Clearly, the latter condition is dramatically more favorable and suggests the more rapid reduction of ␥ 211 with increasing temperature within our model. Under the most optimal annealing conditions ͑T opt = 360°C and an entropy-driven vanishing of ␥ 211 at melting͒, the fraction of viable sites would thus begin to approach an appreciable fraction e −10 ϳ 10 −5 , which is an upper limit. The effective temperature in the exponential in this case is T e T m / 4͑T m − T e ͒ϳ1000°C ͑or 0.1 eV͒, accounting for the reduction by a factor of 2 of the energy barrier. These are rough estimates but clearly provide a better argument than before that a classical nucleation picture can be supported. Lastly, for heterogeneous nucleation assisted by defects, the energy barrier ⌬G h ‫ء‬ may be instantly overcome by the nucleation on a SF ribbon of high energy ϳ130 mJ/ m 2 on small areas of 10-100 planar atoms, quenched in from solid solution.
VII. ADSORBATE ISLAND GROWTH
Before concluding, we relate our derived model of ␥-precipitate growth along fcc ͗111͘ to the growth of islands composed of surface adsorbates or surface-segregated atoms forming islands on fcc͑111͒ surfaces. Similar to the growth patterns of ␥ plates, 7 the shapes of Ag islands on Al͑111͒ bear a striking resemblance to those clipped triangles considered here ͑compare Fig. 3 to figures in Refs. 8-10͒. Nontriangular oblong shapes are grown on other substrates, e.g.,
Si͑111͒
. 11 For all islands on surfaces, the free-energy arguments are generically similar to those presented here for ␥ plates; considering a plate nucleated on a surface, ␥ 111 → ͑␥ a − ␥ s + ␥ ‫ء‬ ͒ / 2, where ␥ a , ␥ s , and ␥ ‫ء‬ are the adsorbate, substrate, and interfacial surface energies, respectively. We did not yet perform a detailed calculation for any specific islands. However, as an estimate for Al and Ag, the calculated surface free-energy difference ␥ a − ␥ s must be small and negative ͑estimated as −30 mJ/ m 2 in Ref. 56͒, and the value of ␥ ‫ء‬ is likely very small and positive ͑estimated here as 15 mJ/ m 2 ͒. The near cancellation of ␥ a − ␥ s and ␥ ‫ء‬ will lead to a competition between smooth layer-by-layer growth versus rough 3-d growth, which is what is seen experimentally. Here, the comparison to bulk systems is limited to the similarity of surface free energies at play; however, as strain/ relaxation effects are likely to be of much greater importance for island coarsening, these should be included for more general conclusions.
VIII. SUMMARY AND CONCLUSION
We have proposed a model for many aspects of hcp precipitates in fcc alloys, which is based on classical nucleation theory in combination with symmetry breaking. Using firstprinciples DFT, we created supercells to obtain approximate coherent and incoherent interphase energies, and we determined supersaturation of the solute in the precipitate from finite-temperature free energies. Using these results, we applied the analytic model to an experimentally well-studied prototype of fcc Al-Ag solid solution, where high-aspect ratios of greater than 300 are observed within hundreds of seconds. 5 Many previous models have addressed this, but none have accurately fit the rapid aspect ratio development nor have any predicted an equilibrium aspect ratio larger than 10. Here, we have accomplished both and relate the two cases based on our proposed nonequilibrium growth, with input determined directly from DFT calculations. We find aspect ratios Ͼ300 in agreement with the most recent in situ experiment, 5 as well as a host of other precipitate properties previously inaccessible to experiment. The approach is general to other precipitate morphologies, as well as related to island coarsening. 
